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SOCLE DEFORMED PREPROJECTIVE ALGEBRAS OF
GENERALIZED DYNKIN TYPE
JERZY BIA LKOWSKI
Abstract. We provide a complete classification of finite-dimensional
self-injective algebras which are socle equivalent to preprojective alge-
bras of generalized Dynkin type. In particular, we conclude that these
algebras are deformed preprojective algebras of generalized Dynkin type
(in the sense of [5, 12]), and hence are periodic algebras.
Introduction and the main results
Throughout the article, K will denote a fixed algebraically closed field.
By an algebra we mean an associative, finite-dimensional K-algebra with an
identity, which we moreover assume to be basic and indecomposable. Then
any such an algebra A can be written as a bound quiver algebra, that is,
A ∼= KQ/I, where Q = QA is the Gabriel quiver of A and I is an admissible
ideal in the path algebraKQ of Q [1]. For an algebra A, we denote by modA
the category of finite-dimensional right A-modules and by ΩA the syzygy
operator which assigns to a module M in modA the kernel ΩA(M) of a
minimal projective cover PA(M) → M of M in modA. Then a module
M in modA is called periodic if ΩnA(M)
∼= M for some n ≥ 1, and if so
the minimal such n is called the period of M . Further, the category modA
is called periodic if any module M in modA without non-zero projective
direct summands is periodic. It is known [18] that the periodicity of modA
forces A to be self-injective, that is, the projective and injective modules in
modA coincide. The category of finite-dimensional A-A-bimodules over an
algebra A is equivalent to the category modAe over the enveloping algebra
Ae = Aop⊗K A of A. Then an algebra A is called periodic if A is a periodic
module in modAe. It is well known that if A is a periodic algebra of period
n then for any indecomposable non-projective module M in modA the
syzygy ΩnA(M) is isomorphic toM (see [24]). It has been proved that all self-
injective algebras of finite representation type different fromK, are periodic
(see [9]). Finding or possibly classifying periodic algebras is an important
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problem. It is very interesting because of the connections with group theory,
topology, singularity theory and cluster algebras. For example, it was shown
in [13, 14] that the representation-infinite tame symmetric periodic algebras
of period 4, with 2-regular Gabriel quivers, are very specific deformations
of the weighted surface algebras of triangulated surfaces with arbitrarily
oriented triangles.
A prominent class of periodic algebras is formed by the preprojective
algebras of generalized Dynkin type and their deformations. Preprojective
algebras were introduced by I.M. Gelfand and V.A. Ponomarev [17] (and
implicitely in the work of C. Riedtmann [23]) to study the preprojective
representations of finite quivers, and occurred in very different contexts.
The finite-dimensional preprojective algebras are exactly the preprojective
algebras P (∆) associated to the generalized Dynkin graphs An(n ≥ 1),
Dn(n ≥ 4), E6, E7, E8, Ln(n ≥ 1). It follows from [19, 20] that these
are exactly the graphs associated to the indecomposable finite symmet-
ric Cartan matrices having subadditive functions which are not additive.
We also mention that the preprojective algebras P (∆) of Dynkin types
∆ ∈ {An,Dn,E6,E7,E8} are the stable Auslander algebras of the categories
of maximal Cohen-Macaulay modules of the Kleinian 2-dimensional hy-
persurface singularities K[[x, y, z]]/(f∆) (see [2, 3, 12]). Moreover, for each
n ≥ 1, the preprojective algebra P (Ln) is the stable Auslander algebra of the
category of maximal Cohen-Macaulay modules over the simple plane curve
singularity K[[x, y]]/(x2n+1+ y2) (see [8, 12]). The preprojective algebras of
Dynkin types have been applied by C. Geiss, B. Leclerc and J. Schro¨er to
study the structure of cluster algebras related to semisimple and unipotent
algebraic groups (see [16]). We also note that the preprojective algebras of
generalized Dynkin type are periodic of period dividing 6 (see [3, 7, 6, 15]).
In the paper we are concerned with the classification of isomorphism
classes of the deformations of preprojective algebras of generalized Dynkin
type introduced in [5]. Namely, to each generalized Dynkin graph ∆ one
associates a finite-dimensional local self-injective K-algebra R(∆) and a
deformed preprojective algebra of type ∆ is the deformation P f(∆) of
P (∆) given by an admissible element f of the radical square of R(∆), and
P f(∆) = P (∆) for f = 0 (see Section 1 for details). It has been proved
in [5] that the deformed preprojective algebras of generalized Dynkin types
are (finite-dimensional) periodic algebras and form the representatives of
the isomorphism classes of all indecomposable self-injective algebras A for
which the third syzygy Ω3A(S) of any non-projective simple module S in
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modA is isomorphic to its Nakayama shift NA(S). Then it follows that
every self-injective algebra A with the stable module category modA 2-
Calabi-Yau is isomorphic to a deformed preprojective algebra P f(∆) of a
generalized Dynkin type ∆, and it is an interesting open problem when the
converse is true. Therefore, it is important to have a complete classification
of the isomorphism classes of deformed preprojective algebras of generalized
Dynkin type. The isomorphism classes of the deformed preprojective alge-
bras of types Ln, n ≥ 1, were classified in [6]. Moreover, it was shown in [6]
that these algebras are exactly the stable Auslander algebras of simple curve
singularities of Dynkin type A2n. Furthermore, A. Dugas proved in [10] that
the stable Auslander algebras of arbitrary hypersurface singularities of finite
Cohen-Macaulay type are periodic algebras. Hence it would be interesting
to understand connections of these algebras with deformed preprojective
algebras of Dynkin type as well as describe their quiver presentations. In [4]
we proved that every deformed preprojective algebra of type E6 is isomor-
phic to the preprojective algebra P (E6). On the other hand, a classification
of the isomorphism classes of all deformed preprojective algebras of Dynkin
types Dn(n ≥ 4), E7, E8 seems to be currently a hard problem.
Recall that by a classical Nakayama’s result (see [22, 24]) the left socle
soc(AA) and the right socle soc(AA) of a self-injective algebra A coincide,
and hence soc(AA) = soc(AA) is a two-sided ideal of A, called the socle
of A and denoted by soc(A). In the paper, two self-injective algebras A
and B are said to be socle equivalent if the quotient algebras A/ soc(A)
and B/ soc(B) are isomorphic. Moreover, by a socle deformed preprojective
algebra of generalized Dynkin type ∆ is meant a deformed preprojective
algebra P f(∆) of type ∆ which is socle equivalent but non-isomorphic to
P (∆).
In Section 1 we introduce deformed preprojective algebras P ∗(D2m),m ≥
2, P ∗(E7), P
∗(E8), P
∗(Ln), n ≥ 2. Then the first main result of the paper
is as follows.
Theorem 1. Let Λ be a basic, indecomposable, finite-dimensional self-
injective algebra over an algebraically closed field K. Then Λ is socle equiv-
alent but not isomorphic to a preprojective algebra of generalized Dynkin
type if and only if K is of characteristic 2 and Λ is isomorphic to one of
the algebras P ∗(D2m), m ≥ 2, P ∗(E7), P ∗(E8), P ∗(Ln), n ≥ 2.
The second main result describes symmetricity properties of socle de-
formed preprojective algebras of generalized Dynkin type.
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Theorem 2. Let Λ be a socle deformed preprojective algebra of generalized
Dynkin type. Then the following hold.
(i) Λ is a weakly symmetric algebra.
(ii) Λ is a symmetric algebra if and only if Λ is isomorphic to the algebra
P ∗(Ln) for some n ≥ 2.
We obtain also the following consequence of Theorem 1.
Theorem 3. Let ∆ be a generalized Dynkin type different from A1 and
L1, and K an algebraically closed field. Then the following conditions are
equivalent:
(i) There exists a socle deformed preprojective algebra P f(∆) of type ∆
over K.
(ii) The preprojective algebra P (∆) of type ∆ over K is a symmetric al-
gebra, and K is of characteristic 2, if ∆ is of the type Ln.
(iii) ∆ is one of the types D2m, m ≥ 2, E7, E8, Ln, n ≥ 2, and K is of
characteristic 2.
The paper is organized as follows. In Section 1 we present some defini-
tions and results on deformed preprojective algebras, essential for further
considerations. Section 2 is devoted to known results on the deformed pre-
projective algebras of type Ln, n ≥ 1. In Section 3 we prove that each
algebra A socle equivalent to the algebra P (∆), for ∆ ∈ {An,D2m+1,E6},
n ≥ 1, m ≥ 2, is in fact isomorphic to P (∆) (in any characteristic). In
Section 4 we consider algebras socle equivalent to the algebras P (∆), for
∆ ∈ {D2m,E7,E8,Ln}, m ≥ 2, n ≥ 2, and prove that each of them is
isomorphic to the preprojective algebra P (∆) or to the algebra P ∗(∆). Sec-
tion 5 is devoted to the proof that the algebras socle equivalent but not
isomorphic to preprojective algebras of generalized Dynkin type exist only
in characteristic 2. In Section 6 we prove that in characteristic 2 the algebras
P ∗(D2m), m ≥ 2, P ∗(E7), P ∗(E8) are weakly symmetric but not symmetric,
and derive some consequences. In the final Section 7 we combine the results
of the previous sections and complete the proofs of the main results.
For general background on the relevant representation theory we refer to
the books [1, 24] and the survey article [12].
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1. Deformed preprojective algebras of generalized Dynkin
type
For a generalized Dynkin graph ∆, we consider the associated (double)
quiver Q∆ as follows:
∆ = An :
(n ≥ 1)
0
a0 // 1
a¯0
oo
a1 // 2
a¯1
oo ... n− 2
an−2 // n− 1
a¯n−2
oo
∆ = Dn :
(n ≥ 4)
0
a0
❂
❂❂
❂❂
❂❂
❂
2
a¯0
^^❂❂❂❂❂❂❂❂
a¯1  ✁✁
✁✁
✁✁
✁✁
a2 // 3
a¯2
oo ... n− 2
an−2 // n− 1
a¯n−2
oo
1
a1
@@✁✁✁✁✁✁✁✁
∆ = En :
(6 ≤ n ≤ 8)
0
a0

1
a1 // 2
a¯1
oo
a2 // 3
a¯2
oo
a3 //
a¯0
OO
4
a¯3
oo ... n− 2
an−2 // n− 1
a¯n−2
oo
∆ = Ln :
(n ≥ 1)
0@ABGFEε=ε¯
 a0 // 1
a¯0
oo
a1 // 2
a¯1
oo ... n− 2
an−2 // n− 1
a¯n−2
oo .
Therefore, the graph ∆ is obtained from the quiver Q∆ by replacing each
pair {a, a¯} of arrows by an indirect edge. The preprojective algebra P (∆)
of type ∆ is then the bound quiver algebra KQ∆/I∆, where I∆ is the ideal
of the path algebra KQ∆ of Q∆ generated by the elements∑
a,ia=v
aa¯,
for all vertices v of Q∆, where a¯ = a and ia is the starting vertex of an
arrow a. Then P (∆) is a finite-dimensional self-injective algebra. Moreover,
for ∆ ∈ {An,Dn,E6,E7,E8,Ln}\{A1} we have P (∆) is non-simple periodic
with Ω6P (∆)e(P (∆))
∼= P (∆).
Let ∆ be a generalized Dynkin graph. Following [5] we associate to Λ
the K-algebra R(∆) as follows
R(An) = K; n ≥ 1;
R(Dn) = K〈x, y〉/(x2, y2, (x+ y)n−2); n ≥ 4;
R(En) = K〈x, y〉/(x2, y3, (x+ y)n−3); 6 ≤ n ≤ 8;
R(Ln) = K[x]/(x
2n); n ≥ 1.
Further, we choose the exceptional vertex in the Gabriel quiver QP (∆)
of P (∆) as: 0, 2, 3, 3, 3 and 0 if ∆ = An,Dn,E6,E7,E8 and Ln, respectively.
Moreover, we denote by e∆ the primitive idempotent of P (∆) associated to
the chosen exceptional vertex of QP (∆). Then a simple checking shows that
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R(∆) is isomorphic to e∆P (∆)e∆, and hence is a local, finite-dimensional
and self-injective K-algebra.
For ∆ ∈ {An,Dn,Ln}, every element f from the square rad
2R(∆) of the
radical of R(∆) is said to be admissible.
If ∆ = En(6 ≤ n ≤ 8) an element rad
2R(∆) is said to be admissible if
it satisfies the following condition:(
x+ y + f(x, y)
)n−3
= 0.
For an admissible element f ∈ R(∆), the deformed preprojective algebra
P f(∆) of type ∆, with respect to f , is defined to be as the bound quiver
algebra KQ∆/I
f
∆, where I
f
∆ is the ideal in the path algebra KQ∆ of ∆Q
generated by the elements ∑
a,ia=v
aa¯,
for all ordinary vertices v of Q∆, and
a0a¯0, if ∆ = An;
a¯0a0 + a¯1a1 + a2a¯2 + f(a¯0a0, a¯1a1), (a¯0a0 + a¯1a1)
n−2, if ∆ = Dn;
a¯0a0 + a¯2a2 + a3a¯3 + f(a¯0a0, a¯2a2), (a¯0a0 + a¯2a2)
n−3, if ∆ = En;
ε2 + a0a¯0 + εf(ε), ε
2n, if ∆ = Ln.
Clearly, P (An) is the unique deformed preprojective algebra of type An,
since radR(An) = 0. We note that the deformed preprojective algebras of
generalized Dynkin type are, with the exception of few small cases, of wild
representation type (see [11]). It has been proved in [5] that any deformed
preprojective algebra P f(∆) of generalized Dynkin type ∆ is a periodic
algebra but the proof presented there does not allow to determine its period.
We introduce now canonical deformed preprojective algebras of general-
ized Dynkin type different from An and L1, which are socle equivalent to
preprojective algebras of generalized Dynkin type. We denote:
• P ∗(D2m) = P f(D2m), for f the coset of (xy)m−1 in R(D2m), m ≥ 2;
• P ∗(D2m+1) = P f(D2m+1), for f the coset of (xy)m−1x in R(D2m+1),
m ≥ 2;
• P ∗(E6) = P f(E6), for f the coset of (yx)2y in R(E6);
• P ∗(En) = P f(En), for f the coset of (xy)3n−17 in R(E6), 7 ≤ n ≤ 8;
• P ∗(Ln) = P f(Ln), for f the coset of x2n−2 in R(Ln), n ≥ 2.
2. Deformed preprojective algebras of generalized Dynkin
type Ln
In this section we present known facts on the structure of deformed
preprojective algebras of generalized Dynkin type Ln. We recall that these
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algebras were studied by J. Bia lkowski, K. Erdmann and A. Skowron´ski [5,
6], K. Erdmann and A. Skowron´ski [12], and T. Holm and A. Zimmermann
[21].
Following the notation from [6] we distinguish special deformed prepro-
jective algebras of type Ln:
L(r)n = P
fr(Ln) with fr = x
2r + (x2n), for r ∈ {1, . . . , n}.
We note, that in the above notation, L
(n)
n = P fn(Ln) is the ordinary prepro-
jective algebra P (Ln) of type Ln and L
(n−1)
n = P fn−1(Ln) = P
∗(Ln) is its
socle deformation. Moreover, we have the following fact [5, Proposition 6.1].
Proposition 2.1. If K is of characteristic 2, then the algebras L
(1)
n , . . . , L
(n)
n
form a family of pairwise non-isomorphic deformed preprojective algebras of
generalized Dynkin type Ln.
We have also the following classification of deformed preprojective alge-
bras of type Ln, formulated in [6, Theorem 2].
Theorem 2.2. Let Λ = P f(Ln) be a deformed preprojective algebra of type
Ln over an algebraically closed field K. Then the following statements hold.
(i) If K is of characteristic different from 2, then Λ is isomorphic to the
preprojective algebra P (Ln).
(ii) If K is of characteristic 2, then Λ is isomorphic to an algebra L
(r)
n , for
some r ∈ {1, . . . , n}.
We have also the following fact from [6, Corollary 4].
Proposition 2.3. Let Λ = P f(Ln) be a deformed preprojective algebra of
type Ln. Then Λ is a symmetric algebra.
Therefore, it follows that both the preprojective algebra P (Ln) = P (L
(n)
n )
of generalized Dynkin type Ln and the socle deformed preprojective algebra
P ∗(Ln) = P (L
(n−1)
n ) of generalized Dynkin type Ln are symmetric algebras.
3. Algebras without proper socle deformations
The aim of this section is to prove the following proposition.
Proposition 3.1. Let Λ be a preprojective algebra of Dynkin type ∆ ∈
{An,D2m+1,E6}, n ≥ 1, m ≥ 2, and let A be an algebra socle equivalent to
Λ. Then A and Λ are isomorphic.
We divide the proof of this proposition into three cases.
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Lemma 3.2. Let Λ be a preprojective algebra of Dynkin type An, n ≥ 1,
and let A be a self-injective algebra socle equivalent to Λ. Then the algebras
A and Λ are isomorphic.
Proof. If n is an even positive integer, then for each maximal non-zero path
ω in P (An) its source s(ω) is different from target t(ω), because s(ω)+t(ω) =
n− 1. Therefore P (An) has no non-trivial socle deformation, and so A and
Λ are isomorphic.
Hence assume that n = 2m+ 1 for some non-negative integer m and let
A be a self-injective algebra socle equivalent to the preprojective algebra
P (An) of generalized Dynkin type An. Then A is isomorphic to a bound
quiver algebra A′ of the path algebra of the quiver
0
a0 // 1
a¯0
oo . . .oo // n− 2
an−2 // n− 1
a¯n−2
oo
bound by relations of the form
a0a¯0 = 0, a¯n−1an−1 = 0,
a¯m−1am−1 + ama¯m + θa¯m−1 . . . a¯1a¯0a0a1 . . . am−1 = 0,
a¯l−1al−1 + ala¯l = 0, for l ∈ {0, . . . , m− 1, m+ 1 . . . , n− 2},
a¯m−1 . . . a¯1a¯0a0a1 . . . am−1am = 0, a¯ma¯m−1 . . . a¯1a¯0a0a1 . . . am−1 = 0,
for some coefficient θ ∈ K. Observe moreover that the following equalities
hold in the algebras P (An) and A
′
a¯m−2 . . . a¯0a0 . . . am−1a¯m−1 = −a¯m−2 . . . a¯0a0 . . . am−2a¯m−2am−2
= · · · = (−1)m−1a¯m−2 . . . a¯1a¯0a0a¯0a0a1 . . . am−2
= 0.
We will show that algebras P (An) and A
′ are isomorphic. Let ϕ : P (An)→
A′ be the homomorphism of algebras defined on arrows as follows
ϕ(am−1) = am−1 + θa¯m−2 . . . a¯1a¯0a0a1 . . . am−1,
ϕ(ak) = ak, for k ∈ {0, . . . , m− 2, m, . . . , n− 2},
ϕ(a¯l) = a¯l, for l ∈ {0, . . . , n− 1}.
We note that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0) = a0a¯0 = 0,
ϕ(a¯m−2am−2 + am−1a¯m−1) = ϕ(a¯m−2)ϕ(am−2) + ϕ(am−1)ϕ(a¯m−1)
= a¯m−2am−2 + am−1a¯m−1
+ θa¯m−2 . . . a¯1a¯0a0a1 . . . am−1a¯m−1 = 0,
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ϕ(a¯m−1am−1 + ama¯m) = ϕ(a¯m−1)ϕ(am−1) + ϕ(am)ϕ(a¯m)
= a¯m−1am−1 + ama¯m
+ θa¯m−1a¯m−2 . . . a¯1a¯0a0a1 . . . am−1 = 0,
ϕ(a¯k−1ak−1 + aka¯k) = ϕ(a¯k−1)ϕ(ak−1) + ϕ(ak)ϕ(a¯k) = a¯k−1ak−1 + aka¯k
= 0, for k ∈ {1, . . . , m− 2, m+ 1, . . . , n− 2},
ϕ(a¯n−2an−2) = ϕ(a¯n−2)ϕ(an−2)) = a¯n−2an−2 = 0,
so ϕ is well defined. Similarly, we define the homomorphism ψ : A′ → P (An)
of algebras given on the arrows as follows:
ψ(am−1) = am−1 − θa¯m−2 . . . a¯1a¯0a0a1 . . . am−1,
ψ(ak) = ak, for k ∈ {0, . . . , m− 2, m, . . . , n− 2},
ψ(a¯l) = a¯l, for l ∈ {0, . . . , n− 1},
and prove that it is well defined. The compositions ψϕ and ϕψ are the
identities on P (An) and A
′, respectively. Hence ψ and ϕ are isomorphisms,
and the algebras P (An) and A
′ are isomorphic. Therefore, the algebras
P (An) and A are also isomorphic. 
Lemma 3.3. Let A be a self-injective algebra socle equivalent to the pre-
projective algebra P (E6). Then the algebras A and P (E6) are isomorphic.
Proof. The algebra A is isomorphic to a bound quiver algebra A′ of the
quiver QE6
0
a0

1
a1 // 2
a¯1
oo
a2 // 3
a¯2
oo
a3 //
a¯0
OO
4
a¯3
oo
a4 // 5
a¯4
oo
bound by the relations:
a0a¯0 = θ0a0a¯2a2a¯0a0(a¯2a2)
2a¯0, a1a¯1 = 0, a¯1a1 + a2a¯2 = 0,
a¯0a0 + a¯2a2 + a3a¯3 = θ3(a¯2a2)
2a¯0a0(a¯2a2)
2, a¯3a3 + a4a¯4 = 0, a¯4a4 = 0,
a0a¯0a0 = 0, a¯0a0a¯0 = 0, a0(a¯2a2 + a3a¯3) = 0, (a¯2a2 + a3a¯3)a¯0 = 0,
a2(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a¯2 = 0,
a¯3(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a3 = 0,
for some coefficients θ0, θ3 ∈ K. We will show that the algebras P (E6) and A′
are isomorphic. Observe first that, in these algebras, we have the equalities
(a¯0a0)
2 = a¯0(a0a¯0)a0 = 0,(1)
(a¯2a2)
3 = a¯2(a2a¯2)
2a2 = −a¯2(a¯1a1)
2a2 = 0,(2)
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and
0 = a3(a4a¯4)
2a¯3 = −(a3a¯3)
3 = (a¯0a0 + a¯2a2)
3
= a¯0a0a¯2a2a¯0a0 + a¯2a2a¯0a0a¯2a2 + (a¯2a2)
2a¯0a0 + a¯0a0(a¯2a2)
2.(3)
Then from (2) and (3) we have the equality
(a¯2a2)
2a¯0a0(a¯2a2)
2 + a¯0a0a¯2a2a¯0a0(a¯2a2)
2 = 0.(4)
Let ϕ : P (E6) → A′ be the homomorphism of algebras determined on the
arrows as follows:
ϕ(a0) = a0 + θ0a0a¯2a2a¯0a0(a¯2a2)
2, ϕ(a2) = a2 + (θ0 + θ3)a2a¯2a2a¯0a0(a¯2a2)
2,
ϕ(ak) = ak, for k ∈ {1, 3, 4}, ϕ(a¯l) = a¯l, for k ∈ {0, . . . , 4}.
We prove that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0) = a0a¯0 + θ0a0a¯2a2a¯0a0(a¯2a2)
2a¯0 = 0,
ϕ(a1a¯1) = ϕ(a1)ϕ(a¯1) = a1a¯1 = 0,
ϕ(a¯4a4) = ϕ(a¯4)ϕ(a4) = a¯4a4 = 0,
ϕ(a¯3a3 + a4a¯4) = ϕ(a¯3)ϕ(a3) + ϕ(a4)ϕ(a¯4) = a¯3a3 + a4a¯4 = 0,
ϕ(a¯1a1 + a2a¯2) = ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
= a¯1a1 + a2a¯2 + (θ0 + θ3)a2a¯2a2a¯0a0(a¯2a2)
2a¯2
= a¯1a1 + a2a¯2 + (θ0 + θ3)a2a¯2a2a¯0a0a¯2(a¯1a1)
2
= a¯1a1 + a2a¯2 = 0
(in the last equation we use a1a¯1 = 0). Moreover, by (4), we obtain
ϕ(a¯0a0 + a¯2a2 + a3a¯3) = ϕ(a¯0)ϕ(a0) + ϕ(a¯2)ϕ(a2) + ϕ(a3)ϕ(a¯3)
= a¯0a0 + θ0a¯0a0a¯2a2a¯0a0(a¯2a2)
2
+ a¯2a2 + (θ0 + θ3)(a¯2a2)
2a¯0a0(a¯2a2)
2 + a3a¯3
= a¯0a0 + a¯2a2 + a3a¯3 + θ3(a¯2a2)
2a¯0a0(a¯2a2)
2 = 0,
so ϕ is well defined. Similarly, we construct the algebra homomorphism
ψ : A′ → P (E6) determined by on the arrows by
ψ(a0) = a0 − θ0a0a¯2a2a¯0a0(a¯2a2)
2, ψ(a2) = a2 − (θ0 + θ3)a2a¯2a2a¯0a0(a¯2a2)
2,
ψ(ak) = ak, for k ∈ {1, 3, 4}, ψ(a¯l) = a¯l, for k ∈ {0, . . . , 4},
and prove that it is well defined. The compositions ψϕ and ϕψ are the
identities on P (E6) and A
′, respectively. Hence ψ and ϕ are isomorphisms
and the algebras P (E6) andA
′ are isomorphic. Therefore, the algebras P (E6)
and A are also isomorphic. 
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Lemma 3.4. Let n > 4 be an odd integer and let A be a self-injective algebra
socle equivalent to the preprojective algebra P (Dn). Then the algebras A and
P (Dn) are isomorphic.
Proof. Let n = 2m+1 for some integer m ≥ 2. The algebra A is isomorphic
to a bound quiver algebra A′ of the quiver QDn
0
a0
!!❇
❇❇
❇❇
❇❇
❇❇
2
a¯0
aa❇❇❇❇❇❇❇❇❇
a¯1}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤
a2 // 3
a¯2
oo . . .oo // n− 2
an−2 // n− 1
a¯n−2
oo
1
a1
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
bound by the relations:
a0a¯0 = 0, a1a¯1 = 0,
a¯0a0 + a¯1a1 + a2a¯2 + θ2a¯1a1a2 . . . an−2a¯n−2 . . . a¯3a¯2 = 0,
a0(a¯1a1 + a2a¯2) = 0, a1(a¯0a0 + a2a¯2) = 0, a¯2(a¯0a0 + a¯1a1 + a2a¯2) = 0,
(a¯1a1 + a2a¯2)a¯0 = 0, (a¯0a0 + a2a¯2)a¯1 = 0, (a¯0a0 + a¯1a1 + a2a¯2)a2 = 0,
a¯k−1ak−1 + aka¯k + θka¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k = 0,
ak−1(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)a¯k−1 = 0,
a¯k(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)ak = 0, for k ∈ {3, . . . , n− 2},
a¯n−2an−2 + θn−2a¯n−2 . . . a¯2a¯1a1a2 . . . an−2 = 0,
a¯n−2an−2a¯n−2 = 0, an−2a¯n−2an−2 = 0,
for some coefficients θ2, . . . , θn−1 ∈ K. We will show that the algebras P (Dn)
and A′ are isomorphic.
Observe first, that for any positive integer k, the following equalities hold
in the algebras P (Dn) and A
′
a0(a2a¯2)
2ka¯0 = 0 and a1(a2a¯2)
2ka¯1 = 0.
Indeed, from the equalities a0a¯0 = 0 and a1a¯1 = 0, we obtain
a0(a2a¯2)
2ka¯0 = a0(−a¯0a0 − a¯1a1)
2ka¯0 = a0a¯1a1(a¯0a0 + a¯1a1)
2k−1a¯0
= a0a¯0a0a¯1a1(a¯0a0 + a¯1a1)
2k−2a¯0 = · · · = a0(a¯1a1a¯0a0)
ka¯0 = 0
and
a1(a2a¯2)
2ka¯1 = a1(a¯0a0 + a¯1a1)
2ka¯1 = a1a¯0a0(a¯0a0 + a¯1a1)
2k−1a¯1
= a1a¯0a0a¯1a1(a¯0a0 + a¯1a1)
2k−2a¯1 = · · · = a1(a¯0a0a¯1a1)
ka¯1 = 0.
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Hence we obtain also
a1a2 . . . an−2a¯n−2 . . . a¯2a¯1 = (−1)
(n−3)(n−4)
2 a1(a2a¯2)
n−3a¯1
= (−1)2m
2
−5m+3a1(a2a¯2)
2(m−1)a¯1 = 0.
Now we will construct an algebra isomorphism from P (Dn) to A
′.
Let ϕ : P (Dn)→ A′ be the homomorphism given on the arrows as follows
ϕ(a0) = a0, ϕ(a1) = a1 +
(
n−1∑
i=2
(−1)iθi
)
a1a2 . . . an−2a¯n−2 . . . a¯2,
ϕ(ak) = ak +
(
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k+1,
ϕ(a¯l) = a¯l, for k ∈ {2, . . . , n− 2}, l ∈ {0, . . . , n− 1}.
We claim that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0) = a0a¯0 = 0,
ϕ(a1a¯1) = ϕ(a1)ϕ(a¯1)
= a1a¯1 +
(
n−1∑
i=2
(−1)iθi
)
a1a2 . . . an−2a¯n−2 . . . a¯2a¯1
= a1a¯1 = 0,
ϕ(a¯0a0 + a¯1a1 + a2a¯2) = ϕ(a¯0)ϕ(a0) + ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
= a¯0a0 + a¯1a1 + a2a¯2
+
(
n−1∑
i=2
(−1)iθi +
n−1∑
i=3
(−1)i+3θi
)
a¯1a1a2 . . . an−2a¯n−2 . . . a¯2
= a¯0a0 + a¯1a1 + a2a¯2 + θ2a¯1a1a2 . . . an−2a¯n−2 . . . a¯2
= 0,
ϕ(a¯k−1ak−1+aka¯k) = ϕ(a¯k−1)ϕ(ak−1) + ϕ(ak)ϕ(a¯k)
= a¯k−1ak−1 + aka¯k
+
(
n−1∑
i=k
(−1)i+kθi +
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k
= a¯k−1ak−1 + aka¯k + θka¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k,
= 0,
ϕ(a¯n−2an−2) = ϕ(a¯n−2)ϕ(an−2))
= a¯n−2an−2 + θn−1a¯n−2 . . . a¯2a¯1a1a2 . . . an−2 = 0
(with k ∈ {3, . . . , n− 2}), so ϕ is well defined.
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Similarly, we construct the homomorphism of algebras ψ : A → P (Dn)
given on the arrows by
ψ(a0) = a0, ψ(a1) = a1 −
(
n−1∑
i=2
(−1)iθi
)
a1a2 . . . an−2a¯n−2 . . . a¯2,
ψ(ak) = ak −
(
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k+1,
ψ(a¯l) = a¯l , for k ∈ {2, . . . , n− 2}, l ∈ {0, . . . , n− 1},
and prove that it is well defined.
Then we observe that ψϕ and ϕψ are the identities on the algebras P (Dn)
and A′, respectively. Hence ψ and ϕ are isomorphisms and the algebras
P (Dn) and A
′ are isomorphic. Therefore, the algebras P (Dn) and A are also
isomorphic. 
This concludes the proof of Proposition 3.1.
4. Algebras with proper socle deformations
The aim of this section is to prove the following proposition.
Proposition 4.1. Let A be a self-injective algebra socle equivalent to the
preprojective algebra P (∆) of generalized Dynkin type ∆ ∈ {D2m,E7,E8,Ln},
for some m,n ≥ 2. Then A is isomorphic to one of the algebras P (∆) or
P ∗(∆).
We note that at this moment we do not discuss whether and when the
algebras P (∆) and P ∗(∆) are isomorphic. It will be discussed in the next
two sections.
We divide the proof of the proposition into four cases.
Lemma 4.2. Let n ≥ 4 be an even integer and let A be a self-injective
algebra socle equivalent to the preprojective algebra of type Dn. Then A is
isomorphic to one of the algebras P (Dn) or P
∗(Dn).
Proof. Let n = 2m for some integer m ≥ 2. The algebra A is isomorphic to
a bound quiver algebra A′ of the quiver QDn
0
a0
!!❇
❇❇
❇❇
❇❇
❇❇
2
a¯0
aa❇❇❇❇❇❇❇❇❇
a¯1}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤
a2 // 3
a¯2
oo . . .oo // n− 2
an−2 // n− 1
a¯n−2
oo
1
a1
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
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bound by the relations:
a0a¯0 + θ0a0a2a3 . . . an−2a¯n−2 . . . a¯2a¯0 = 0, a0a¯0a0 = 0, a¯0a0a¯0 = 0,
a1a¯1 + θ1a1a2a3 . . . an−2a¯n−2 . . . a¯2a¯1 = 0, a1a¯1a1 = 0, a¯1a1a¯1 = 0,
a¯0a0 + a¯1a1 + a2a¯2 + θ2a¯1a1a2 . . . an−2a¯n−2 . . . a¯3a¯2 = 0,
a0(a¯1a1 + a2a¯2) = 0, a1(a¯0a0 + a2a¯2) = 0, a¯2(a¯0a0 + a¯1a1 + a2a¯2) = 0,
(a¯1a1 + a2a¯2)a¯0 = 0, (a¯0a0 + a2a¯2)a¯1 = 0, (a¯0a0 + a¯1a1 + a2a¯2)a2 = 0,
a¯k−1ak−1 + aka¯k + θka¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k = 0,
ak−1(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)a¯k−1 = 0,
a¯k(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)ak = 0, for k ∈ {3, . . . , n− 2},
a¯n−2an−2 + θn−2a¯n−2 . . . a¯2a¯1a1a2 . . . an−2 = 0,
a¯n−2an−2a¯n−2 = 0, an−2a¯n−2an−2 = 0,
for some coefficients θ0, . . . , θn−1 ∈ K. Moreover, let A′′ be the bound quiver
algebra of the quiver QDn bound by the relations:
a0a¯0 = 0, a1a¯1 = 0,
a¯0a0 + a¯1a1 + a2a¯2 + θa¯1a1a2 . . . an−2a¯n−2 . . . a¯3a¯2 = 0,
a0(a¯1a1 + a2a¯2) = 0, a1(a¯0a0 + a2a¯2) = 0, a¯2(a¯0a0 + a¯1a1 + a2a¯2) = 0,
(a¯1a1 + a2a¯2)a¯0 = 0, (a¯0a0 + a2a¯2)a¯1 = 0, (a¯0a0 + a¯1a1 + a2a¯2)a2 = 0,
a¯k−1ak−1 + aka¯k = 0, for k ∈ {3, . . . , n− 2}, a¯n−2an−2 = 0,
where θ =
∑n−2
i=0 (−1)
iθi.
We will show first that the algebras A′ and A′′ are isomorphic.
Observe that the following equalities hold in the algebras A′ and A′′
a2a¯2a2a3 . . . an−2a¯n−2 . . . a¯2 = −a2a3a¯3a3 . . . an−2a¯n−2 . . . a¯2
= a2a3a4a¯4a4 . . . an−2a¯n−2 . . . a¯2
= · · · = (−1)n−3a2 . . . an−1a¯n−1an−1an−2a¯n−2 . . . a¯2
= (−1)n−4a2 . . . an−1an−2a¯n−2an−2a¯n−2 . . . a¯2 = 0.
Then, applying the relation (a¯0a0+a¯1a1+a2a¯2)a2 = 0, we obtain the equality
(a¯0a0 + a¯1a1)a2 . . . an−2a¯n−2 . . . a¯2 = 0.
Similarly, we prove the dual equality
a2 . . . an−2a¯n−2 . . . a¯2(a¯0a0 + a¯1a1) = 0.
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Let ϕ : A′′ → A′ be the homomorphism of algebras defined on the arrows
as follows
ϕ(a0) = a0 + θ0a0a2 . . . an−2a¯n−2 . . . a¯2,
ϕ(a1) = a1 + θ1a1a2 . . . an−2a¯n−2 . . . a¯2,
ϕ(ak) = ak +
(
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k+1,
ϕ(a¯l) = a¯l, for k ∈ {2, . . . , n− 2}, l ∈ {0, . . . , n− 1}.
We show that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0) = a0a¯0 + θ0a0a2 . . . an−2a¯n−2 . . . a¯2a¯0 = 0,
ϕ(a1a¯1) = ϕ(a1)ϕ(a¯1) = a1a¯1 + θ1a1a2 . . . an−2a¯n−2 . . . a¯2a¯1 = 0,
ϕ(a¯0a0 + a¯1a1 + a2a¯2 + θa¯1a1a2 . . . an−2a¯n−2 . . . a¯3a¯2)
= ϕ(a¯0)ϕ(a0) + ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
+ θϕ(a¯1)ϕ(a1)ϕ(a2) . . . ϕ(an−2)ϕ(a¯n−2) . . . ϕ(a¯3)ϕ(a¯2)
= a¯0a0 + a¯1a1 + a2a¯2
+ θ0a¯0a0a2 . . . an−2a¯n−2 . . . a¯2
+
(
θ + θ1 +
n−1∑
i=3
(−1)i+3θi
)
a¯1a1a2 . . . an−2a¯n−2 . . . a¯2
= a¯0a0 + a¯1a1 + a2a¯2 + θ2a¯1a1a2 . . . an−2a¯n−2 . . . a¯2
= 0,
ϕ(a¯k−1ak−1 + aka¯k) = ϕ(a¯k−1)ϕ(ak−1) + ϕ(ak)ϕ(a¯k)
= a¯k−1ak−1 + aka¯k
+
(
n−1∑
i=k
(−1)i+kθi +
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k
= a¯k−1ak−1 + aka¯k + θka¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k
= 0,
ϕ(a¯n−2an−2) = ϕ(a¯n−2)ϕ(an−2))
= a¯n−2an−2 + θn−1a¯n−2 . . . a¯2a¯1a1a2 . . . an−2 = 0,
so ϕ is well defined. Similarly, we define the homomorphism of algebras
ψ : A′ → A′′ given on the arrows by
ψ(a0) = a0 − θ0a0a2 . . . an−2a¯n−2 . . . a¯2,
ψ(a1) = a1 − θ1a1a2 . . . an−2a¯n−2 . . . a¯2,
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ψ(ak) = ak −
(
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯2a¯1a1a2 . . . an−2a¯n−2 . . . a¯k+1,
ψ(a¯l) = a¯l, and k ∈ {2, . . . , n− 2}, l ∈ {0, . . . , n− 1},
and prove that it is well defined. The compositions ψϕ and ϕψ are the
identities on A′′ and A′, respectively, so ψ and ϕ are isomorphisms, and
hence the algebras A′ and A′′ are isomorphic. Therefore, the algebras A and
A′′ are also isomorphic.
Therefore, it suffices to prove that A′′ is isomorphic to P (Dn) or P
∗(Dn).
If θ = 0, then A′′ is isomorphic, by definition, to the preprojective algebra
P (Dn). So assume that θ 6= 0. Then there exists an element λ ∈ K\{0} such
that λ2n−3 = θ. It can be easily seen that the homomorphism φ : P ∗(Dn)→
A′′ given on the arrows by
φ(ak) = λak, ψ(a¯k) = λa¯k, for k ∈ {0, . . . , n− 1},
is an algebra isomorphism, and hence the algebras A′′ and P ∗(Dn) are iso-
morphic. 
Lemma 4.3. Let n ≥ 2 be a natural number and let A be a self-injective
algebra socle equivalent to the preprojective algebra P (Ln). Then A is iso-
morphic to one of the algebras P (Ln) or P
∗(Ln).
Proof. The algebra A is isomorphic to a bound quiver algebra A′ of the
quiver QLn
0@ABGFEε=ε¯
 a0 // 1
a¯0
oo
a1 // 2
a¯1
oo . . .oo // n− 2
an−2 // n− 1
a¯n−2
oo
bound by the relations:
ε2 + a0a¯0 + θ0ε
2n−1 = 0, ε2n = 0,
a¯k−1ak−1 + aka¯k + θka¯k−1 . . . a¯1a¯0εa0a1 . . . an−2a¯n−2 . . . a¯k = 0,
ak−1(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)a¯k−1 = 0,
a¯k(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)ak = 0, for k ∈ {1, . . . , n− 2},
a¯n−2an−2 + θn−2a¯n−2 . . . a¯1a¯0εa0a1 . . . an−2 = 0,
a¯n−2an−2a¯n−2 = 0, an−2a¯n−2an−2 = 0,
for some coefficients θ0, . . . , θn−1 ∈ K. Moreover, let A′′ be the bound quiver
algebra of the quiver QLn bound by the relations:
ε2 + a0a¯0 + θε
2n−1 = 0, ε2n = 0, a¯n−2an−2 = 0,
a¯iai + ai+1a¯i+1 = 0 for i ∈ {0, . . . , n− 3}.
with θ = θ0 −
∑n−1
i=1 (−1)
i+
(n−2)(n−1)
2 θi.
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Observe first that, in the algebras A′ and A′′, we have the equalities
ε2n−1 = (−1)n−1ε(a0a¯0)
n−1 = (−1)(n−1)+(n−2)εa0(a1a¯1)
n−2a¯0
= · · · = (−1)
(n−2)(n−1)
2 εa0a1 . . . an−2a¯n−2 . . . a¯1a¯0,
and hence the equality
εa0a1 . . . an−2a¯n−2 . . . a¯1a¯0 = (−1)
(n−2)(n−1)
2 ε2n−1.
Similarly, we obtain the equality
a0a1 . . . an−2a¯n−2 . . . a¯1a¯0ε = (−1)
(n−2)(n−1)
2 ε2n−1.
We will show that the algebras A′ and A′′ are isomorphic. Let ϕ : A′′ →
A′ be the homomorphism of algebras determined on the arrows by
ϕ(ak) = ak +
(
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯1a¯0εa0a1 . . . an−2a¯n−2 . . . a¯k+1,
ϕ(a¯k) = a¯k, for k ∈ {0, . . . , n− 2}, ϕ(ε) = ε.
We claim that ϕ is well defined. Indeed, we have the equalities
ϕ(ε2 + a0a¯0 + θε
2n−1) = ϕ(ε)2 + ϕ(a0)ϕ(a¯0) + θϕ(ε)
2n−1
= ε2 + a0a¯0 + θε
2n−1
+
(
n−1∑
i=1
(−1)i+1θi
)
εa0 . . . an−2a¯n−2 . . . a¯1a¯0
= ε2 + a0a¯0 +
(
θ + (−1)
(n−2)(n−1)
2
n−1∑
i=1
(−1)iθi
)
ε2n−1
= ε2 + a0a¯0 + θ0ε
2n−1 = 0,
ϕ(a¯k−1ak−1 + aka¯k) = ϕ(a¯k−1)ϕ(ak−1) + ϕ(ak)ϕ(a¯k)
= a¯k−1ak−1 + aka¯k
+
(
n−1∑
i=k
(−1)i+kθi +
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯0εa0 . . . an−2a¯n−2 . . . a¯k
= a¯k−1ak−1 + aka¯k + θka¯k−1 . . . a¯0εa0 . . . an−2a¯n−2 . . . a¯k
= 0,
ϕ(a¯n−2an−2) = ϕ(a¯n−2)ϕ(an−2)
= a¯n−2an−2 + θn−1a¯n−2 . . . a¯0εa0 . . . an−2 = 0,
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so ϕ is well defined. Similarly, we define the homomorphism of algebras
ψ : A′ → A′′ given on the arrows by
ψ(ak) = ak −
(
n−1∑
i=k+1
(−1)i+k+1θi
)
a¯k−1 . . . a¯1a¯0εa0a1 . . . an−2a¯n−2 . . . a¯k+1,
ψ(a¯k) = a¯k, for k ∈ {0, . . . , n− 2}, ψ(ε) = ε,
and show that it is well defined. Observe that the compositions ψϕ and
ϕψ are the identities on A′′ and A′, respectively. Hence ψ and ϕ are iso-
morphisms, and so the algebras A′′ and A′ are isomorphic. But then the
algebras A′′ and A are also isomorphic.
Therefore, it suffices to prove that the algebra A′′ is isomorphic to the al-
gebra P (Ln), or to the algebra P
∗(Ln). If θ = 0, then A
′′ is the preprojective
algebra P (Ln), by definition. So assume that θ 6= 0. Then there exists λ ∈ K
such that λ2n−3 = θ. Then it can be easily seen that the homomorphism
φ : P ∗(Ln)→ A′′ given on the arrows by
φ(ε) = λε, φ(ak) = λak, ψ(a¯k) = λa¯k, for k ∈ {0, . . . , n− 1},
is an algebra isomorphism. Converselly, the algebras A′′ and P ∗(Ln) are
isomorphic. This ends the proof. 
Lemma 4.4. Let A be a self-injective algebra socle equivalent to the prepro-
jective algebra P (E7). Then A is isomorphic to one of the algebras P (E7)
or P ∗(E7).
Proof. The algebra A is isomorphic to a bound quiver algebra A′ of the
quiver QE7
0
a0

1
a1 // 2
a¯1
oo
a2 // 3
a¯2
oo
a3 //
a¯0
OO
4
a¯3
oo
a4 // 5
a¯4
oo
a5 // 6
a¯5
oo
bound by the relations:
a0a¯0 + θ0a0(a¯2a2)
2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0 = 0, a0a¯0a0 = 0, a¯0a0a¯0 = 0,
a1a¯1 + θ1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0a¯2a¯1 = 0, a1a¯1a1 = 0, a¯1a1a¯1 = 0,
a¯0a0 + a¯2a2 + a3a¯3 + θ3(a¯2a2)
2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0 = 0,
a0(a¯2a2 + a3a¯3) = 0, (a¯2a2 + a3a¯3)a¯0 = 0,
a2(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a¯2 = 0,
a¯3(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a3 = 0,
a¯1a1 + a2a¯2 + θ2a¯1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0a¯2 = 0,
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a¯3a3 + a4a¯4 + θ4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5a¯4 = 0,
a¯4a4 + a5a¯5 + θ5a¯4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5 = 0,
ak−1(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)a¯k−1 = 0,
a¯k(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)ak = 0, for k ∈ {2, 4, 5},
a¯5a5 + θ6a¯5a¯4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5 = 0, a¯5a5a¯5 = 0, a5a¯5a5 = 0,
for some coefficients θ0, . . . , θ6 ∈ K. Moreover, let A′′ be the bound quiver
algebra of the quiver QE7 bound by the relations:
a0a¯0 = 0, a1a¯1 = 0, a¯k−1ak−1 + aka¯k = 0, for k ∈ {2, 4, 5}, a¯5a5 = 0,
a¯0a0 + a¯2a2 + a3a¯3 + θa¯2a2a¯0a0(a¯2a2)
2a¯0a0(a¯2a2)
2a¯0a0 = 0,
a0(a¯2a2 + a3a¯3) = 0, (a¯2a2 + a3a¯3)a¯0 = 0,
a2(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a¯2 = 0,
a¯3(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a3 = 0,
with θ = θ0 + θ1 − θ2 − θ3 + θ4 − θ5 + θ6.
To simplify the notation we abbreviate x = a¯0a0, y = a¯2a2 and z = a3a¯3.
Then, in the both algebras A′ and A′′, we have the equalities
x2 = (a¯0a0)
2 = a¯0(a0a¯0)a0 = 0,
y3 = (a¯2a2)
3 = a¯2a¯1(a1a¯1)a1a2 = 0,
z4 = (a3a¯3)
4 = −a3a4a5(a¯5a5)a¯5a¯4a¯3 = 0.
Hence, we get
z3 = (−x− y)3 = −
(
xyx+ xy2 + yxy + y2x
)
,
0 = z4 = (−x− y)4 = (xy)2 + xy2x+ (yx)2 + yxy2 + y2xy.
Then we derive the two equalities
y2xyxz3 = −y2xyxy2x = yxy2xy2x.(*)
Indeed, we have
y2xyxz3 = −y2xyx
(
xyx+ xy2 + yxy + y2x
)
= −y2xyxy2x− y2(xy)2
= −y2xyxy2x+ y2
(
xy2x+ (yx)2 + yxy2 + y2xy
)
xy = −y2xyxy2x
and
y2xyxy2x = −
(
(xy)2 + xy2x+ (yx)2 + yxy2
)
xy2x = −(xy)3yx− yxy2xy2x
= x
(
(xy)2 + xy2x+ yxy2 + y2xy
)
y2x− yxy2xy2x = −yxy2xy2x.
We will show now that the algebras A′ and A′′ are isomorphic. Let ϕ :
A′′ → A′ be the homomorphishm of algebras defined on the arrows as
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follows:
ϕ(a0) = a0,
ϕ(a1) = a1 + θ1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0a¯2,
ϕ(a2) = a2 + (θ2 − θ1)a¯1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0,
ϕ(a3) = a3 + (θ4 − θ5 + θ6)(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5a¯4,
ϕ(a4) = a4 + (θ5 − θ6)a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5,
ϕ(a5) = a5 + θ6a¯4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5,
ϕ(a¯0) = a¯0 + θ0(a¯2a2)
2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0,
ϕ(a¯l) = a¯l, for l ∈ {1, . . . , 5}.
We show that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0)
= a0a¯0 + θ0a0(a¯2a2)
2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0 = 0,
ϕ(a1a¯1) = ϕ(a1)ϕ(a¯1)
= a1a¯1 + θ1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0a¯2a¯1 = 0,
ϕ(a¯1a1 + a2a¯2) = ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
= a¯1a1 + a2a¯2 + θ2a¯1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0a¯2
= 0,
ϕ(a¯3a3 + a4a¯4) = ϕ(a¯3)ϕ(a3) + ϕ(a4)ϕ(a¯4)
= a¯3a3 + a4a¯4 + θ4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5a¯4
= 0,
ϕ(a¯4a4 + a5a¯5) = ϕ(a¯4)ϕ(a4) + ϕ(a5)ϕ(a¯5)
= a¯4a4 + a5a¯5 + θ5a¯4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5
= 0,
ϕ(a¯5a5) = ϕ(a¯5)ϕ(a5)
= a¯5a5 + θ6a¯5a¯4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5 = 0.
Then, applying (*), we obtain
ϕ
(
a¯0a0 + a¯2a2+a3a¯3 + θa¯2a2a¯0a0(a¯2a2)
2a¯0a0(a¯2a2)
2a¯0a0
)
= ϕ(a¯0)ϕ(a0) + ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
+ θϕ(a¯2)ϕ(a2)
(
ϕ(a0)ϕ(a¯0)(ϕ(a¯2)ϕ(a2))
2
)2
ϕ(a¯0)ϕ(a0)
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= a¯0a0 + a¯2a2 + a3a¯3
+ θ0(a¯2a2)
2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0
+ (θ2 − θ1)a¯2a¯1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0
+ (θ4 − θ5 + θ6)(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5a¯4a¯3
+ θa¯2a2a¯0a0(a¯2a2)
2a¯0a0(a¯2a2)
2a¯0a0
= a¯0a0 + a¯2a2 + a3a¯3 + θ3(a¯2a2)
2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0
= 0,
so ϕ is well defined. Similarly, we define the homomorphism of algebras
ψ : A′ → A′′ given on the arrows by
ψ(a0) = a0,
ψ(a1) = a1 − θ1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0a¯2,
ψ(a2) = a2 − (θ2 − θ1)a¯1a1a2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0a0,
ψ(a3) = a3 − (θ4 − θ5 + θ6)(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5a¯4,
ψ(a4) = a4 − (θ5 − θ6)a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5a¯5,
ψ(a5) = a5 − θ6a¯4a¯3(a¯2a2)
2a¯0a0a¯2a2a¯0a0a3a4a5,
ψ(a¯0) = a¯0 − θ0(a¯2a2)
2a¯0a0a¯2a2a¯0a0(a¯2a2)
2a¯0,
ψ(a¯l) = a¯l, for l ∈ {1, . . . , 5},
and prove that it is well defined. The compositions ψϕ and ϕψ are the
identities on A′′ and A′, respectively. Thus ψ and ϕ are isomorphisms, and
the algebras A′′ and A′ are isomorphic. Hence the algebras A′′ and A are
also isomorphic.
Therefore, it suffices to show that the algebra A′′ is isomorphic to one of
the algebras P (E7), P
∗(E7).
If θ = 0, then A′′ is, by the definition, the preprojective algebra P (E7).
If θ 6= 0, then there exists λ ∈ K \ {0} satisfying equation λ13 = θ. Then
it is easily seen that the homomorphism φ : P ∗(E7)→ A′′ of algebras given
on the arrows by
φ(ak) = λak, ψ(a¯k) = λa¯k, for k ∈ {0, . . . , 5},
is an isomorphism. 
Lemma 4.5. Let A be a self-injective algebra socle equivalent to the prepro-
jective algebra P (E8). Then A is isomorphic to one of the algebras P (E8)
or P ∗(E8).
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Proof. The algebra A is isomorphic with a bound quiver algebra A′ of the
quiver QE8
0
a0

1
a1 // 2
a¯1
oo
a2 // 3
a¯2
oo
a3 //
a¯0
OO
4
a¯3
oo
a4 // 5
a¯4
oo
a5 // 6
a¯5
oo
a6 // 7
a¯6
oo
bound by the relations:
a0a¯0 + θ0a0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0 = 0,
a1a¯1 + θ1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 a¯2a¯1 = 0,
a0a¯0a0 = 0, a¯0a0a¯0 = 0, a1a¯1a1 = 0, a¯1a1a¯1 = 0,
a¯0a0 + a¯2a2 + a3a¯3 + θ3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0
(
(a¯2a2)
2a¯0a0
)2
= 0,
a0(a¯2a2 + a3a¯3) = 0, (a¯2a2 + a3a¯3)a¯0 = 0,
a2(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a¯2 = 0,
a¯3(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a3 = 0,
a¯1a1 + a2a¯2 + θ2a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 a¯2a¯1a1 = 0,
a¯3a3 + a4a¯4 + θ4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5a¯4 = 0,
a¯4a4 + a5a¯5 + θ5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5 = 0,
a¯5a5 + a6a¯6 + θ6a¯5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6 = 0,
ak−1(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)a¯k−1 = 0,
a¯k(a¯k−1ak−1 + aka¯k) = 0, (a¯k−1ak−1 + aka¯k)ak = 0, for k ∈ {2, 4, 5, 6},
a¯6a6 + θ7a¯6a¯5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6 = 0,
a¯6a6a¯6 = 0, a6a¯6a6 = 0,
for some coefficients θ0, . . . , θ7 ∈ K. Moreover, let A
′′ be the bound algebra
of the quiver QE8 bound by the relations
a0a¯0 = 0, a1a¯1 = 0, a¯k−1ak−1 + aka¯k = 0, for k ∈ {2, 4, 5, 6}, a¯6a6 = 0,
a¯0a0 + a¯2a2 + a3a¯3 + θ
(
(a¯2a2)
2a¯0a0
)2
a¯0a0a¯2a2
(
(a¯2a2)
2a¯0a0
)2
= 0,
a0(a¯2a2 + a3a¯3) = 0, (a¯2a2 + a3a¯3)a¯0 = 0,
a2(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a¯2 = 0,
a¯3(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a3 = 0,
with θ = −θ0 − θ1 + θ2 + θ3 − θ4 + θ5 − θ6 + θ7.
Similarly, as in the proof of Lemma 4.4, to simplify the notation we will
denote x = a¯0a0, y = a¯2a2 and z = a3a¯3. Then, in the both algebras A
′ and
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A′′, we have the equalities
x2 = (a¯0a0)
2 = a¯0(a0a¯0)a0 = 0,
y3 = (a¯2a2)
3 = a¯2a¯1(a1a¯1)a1a2 = 0,
z5 = (a3a¯3)
4 = −a3a4a5a6(a¯6a6)a¯6a¯5a¯4a¯3 = 0.
Therefore, we obtain the equalities
z3 = (−x− y)3 = −
(
xyx+ xy2 + yxy + y2x
)
,
z4 = (−x− y)4 = (xy)2 + xy2x+ (yx)2 + yxy2 + y2xy,
0 = z5 = (−x− y)5
= −
(
(xy)2x+ (xy)2y + xy2xy + (yx)2y + yxy2x+ y2xyx+ y2xy2
)
.
We note that the last of the above equalities will be intensively used in the
further calculations of this proof. First, we use it to derive the equalities
y2(xy)2xy2 = −y2
(
(xy)2y + xy2xy + (yx)2y + yxy2x+ y2xyx(1)
+ y2xy2
)
y2
= 0,
xy2xy2x = −x
(
(xy)2x+ (xy)2y + xy2xy + (yx)2y + yxy2x(2)
+ y2xyx
)
x
= −(xy)3x.
Then, applying (1) and (2) we obtain
(xy2xy)2x = −(xy2xy)
(
(xy)2x+ (xy)2y + (yx)2y + yxy2x+ y2xyx(3)
+ y2xy2
)
x
= −(xy2)2(xy)2x− xy2(xy)2xy2x = (xy)5x,
and the dual equality
(xyxy2)2x = (xy)5x.(3′)
Further, we derive from (2) and (3′) the equalities
(xy)2y(xy)3 = −(xy)2yx
(
(xy)2x+ (xy)2y + xy2xy + yxy2x+ y2xyx(4)
+ y2xy2
)
x
= −xyxy2xy2xyx− (xyxy2)2x− xy(xy2)3
= (xy)5x− (xy)5x− xy(xy2)3 = −xy(xy2)3.
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We have also the equality
xy2xy(xy2)2 = −x
(
(xy)2x+ (xy)2y + xy2xy + (yx)2y + y2xyx(5)
+ y2xy2
)
y2xy2
= −xy(xy2)3.
Then, applying (1), (3) and (5) we obtain
xy2(xy)4 = −xy2xyx
(
(xy)2x+ (xy)2y + xy2xy + yxy2x+ y2xyx(6)
+ y2xy2
)
= −(xy2xy)2x− xy2(xy)2xy2x− xy2xy(xy2)2
= −(xy)5x+ xy(xy2)3.
Further, from (4) and (6) we derive the equalities
(xy)3y(xy)2 = −x
(
(xy)2x+ (xy)2y + xy2xy + yxy2x+ y2xyx(7)
+ y2xy2
)
y(xy)2
= −xy2(xy)4 − (xy)2y(xy)3 = (xy)5x− xy(xy2)3
= xy(xy2)3 = (xy)5x.
We claim now that we have the equality(
y2x
)2
yx
(
y2x
)2
=
(
y2x
)2
yxy2z4.(8)
Indeed, applying (7) we obtain
(y2x)2yxy2(xy)2
= −y2xy2
(
(xy)2x+ xy2xy + (yx)2y + yxy2x+ y2xyx+ y2xy2
)
(xy)2
= −(y2x)2y2(xy)3
= y
(
(xy)2x+ (xy)2y + xy2xy + (yx)2y + y2xyx+ y2xy2
)
y2(xy)3
= y(xy)3y(xy)2 = y(xy)5x2y = 0,
and hence
(y2x)2yxy2z4 = (y2x)2yxy2
(
(xy)2 + xy2x+ (yx)2 + yxy2 + y2xy
)4
= (y2x)2yxy2(xy)2 + (y2x)2yxy2xy2x
= (y2x)2yx(y2x)2.
We will show now that the algebras A′ and A′′ are isomorphic. Let ϕ :
A′′ → A′ be the algebra homomorphism defined on the arrows as follows:
ϕ(a0) = a0,
ϕ(a1) = a1 + θ1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 a¯2,
ϕ(a2) = a2 + (θ2 − θ1)a¯1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 ,
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ϕ(a3) = a3
+ (θ4 − θ5 + θ6 − θ7)
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5a¯4,
ϕ(a4) = a4 + (θ5 − θ6 + θ7)a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5,
ϕ(a5) = a5 + (θ6 − θ7)a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6,
ϕ(a6) = a6 + θ7a¯5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6,
ϕ(a¯0) = a¯0 + θ0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0,
ϕ(a¯l) = a¯l, for l ∈ {1, . . . , 6}.
We show that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0)
= a0a¯0 + θ0a0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0 = 0,
ϕ(a1a¯1) = ϕ(a1)ϕ(a¯1)
= a1a¯1 + θ1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 a¯2a¯1 = 0,
ϕ(a¯1a1 + a2a¯2) = ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
= a¯1a1 + a2a¯2
+ θ2a¯1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 a¯2
= 0,
ϕ(a¯3a3 + a4a¯4) = ϕ(a¯3)ϕ(a3) + ϕ(a4)ϕ(a¯4)
= a¯3a3 + a4a¯4
+ θ4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5a¯4
= 0,
ϕ(a¯4a4 + a5a¯5) = ϕ(a¯4)ϕ(a4) + ϕ(a5)ϕ(a¯5)
= a¯4a4 + a5a¯5
+ θ5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5
= 0,
ϕ(a¯5a5 + a6a¯6) = ϕ(a¯5)ϕ(a5) + ϕ(a6)ϕ(a¯6)
= a¯5a5 + a6a¯6
+ θ6a¯5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6
= 0,
ϕ(a¯6a6) = ϕ(a¯6)ϕ(a6)
= a¯6a6 + θ7a¯6a¯5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6
= 0.
26 J. BIA LKOWSKI
Then, applying (8), we obtain the equalities
ϕ
(
a¯0a0+a¯2a2 + a3a¯3 + θ
(
(a¯2a2)
2a¯0a0
)2
a¯0a0a¯2a2
(
(a¯2a2)
2a¯0a0
)2 )
= ϕ(a¯0)ϕ(a0) + ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
+ θϕ(a¯2)ϕ(a2) . . . ϕ(a¯0)ϕ(a0)
= a¯0a0 + a¯2a2 + a3a¯3
+ θ0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0
+ (θ2 − θ1)a¯2a¯1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2
+ (θ4 − θ5 + θ6 − θ7)(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5a¯4a¯3
+ θ
(
(a¯2a2)
2a¯0a0
)2
a¯0a0a¯2a2
(
(a¯2a2)
2a¯0a0
)2
= a¯0a0 + a¯2a2 + a3a¯3
+ θ3
(
(a¯2a2)
2a¯0a0
)2
a¯0a0a¯2a2
(
(a¯2a2)
2a¯0a0
)2
= 0,
so ϕ is well defined. Similarly, we define the algebra homomorphism ψ :
A′ → A′′ given on the arrows by
ψ(a0) = a0,
ψ(a1) = a1 − θ1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 a¯2,
ψ(a2) = a2 − (θ2 − θ1)a¯1a1a2a¯0a0a¯2a2 (a¯2a2a¯0a0)
2 ((a¯2a2)2a¯0a0)2 ,
ψ(a3) = a3 − (θ4 − θ5 + θ6 − θ7)
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5a¯4,
ψ(a4) = a4 − (θ5 − θ6 + θ7)a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6a¯5,
ψ(a5) = a5 − (θ6 − θ7)a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6a¯6,
ψ(a6) = a6 − θ7a¯5a¯4a¯3
(
(a¯2a2)
2a¯0a0
)2
a¯2a2a¯0a0(a¯2a2)
2a3a4a5a6,
ψ(a¯0) = a¯0 = θ0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0,
ψ(a¯l) = a¯l, for l ∈ {1, . . . , 6},
and prove that it is well defined. The compositions ψϕ and ϕψ are the iden-
tities on algebras A′′ and A′, respectively. Hence ψ and ϕ are isomorphisms,
and the algebras A′′ and A′ are isomorphic. Thus the algebras A′′ and A are
also isomorphic.
Therefore, it suffices to show that the algebra A′′ is isomorphic to the
algebra P (E8) or is isomorphic to the algebra P
∗(E8).
As before, we consider the cases. If θ = 0, then A′′ is, by definition, the
preprojective algebra P (E8). If θ 6= 0, then there exists λ ∈ K satisfying
equation λ27 = θ. It can be easily seen that the homomorphism of algebras
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φ : P ∗(E8)→ A
′′ given on the arrows by
φ(ak) = λak, ψ(a¯k) = λa¯k, for k ∈ {0, . . . , 6},
is an isomorphism. This finishes the proof. 
5. Deformed preprojective algebras in characteristic 2
The aim of this section is to prove the following proposition.
Proposition 5.1. Algebras socle equivalent but not isomorphic to prepro-
jective algebras of generalized Dynkin type exist only in characteristic 2.
We recall, that the number of “candidates” for algebras socle equivalent
but not isomorphic to preprojective algebras of generalized Dynkin type was
reduced by Propositions 3.1 and 4.1. So it is enough to consider only the al-
gebras P ∗(∆) with ∆ ∈ {D2m,E7,E8,Ln}, and m,n ≥ 2. We recall also that
the algebras P ∗(Ln) and P (Ln) are non-isomorphic only in characteristic 2.
Proposition 5.1 will follow from three lemmas.
Lemma 5.2. Let n ≥ 4 be an even integer and K of characteristic different
from 2. Then the algebras P (Dn) and P
∗(Dn) over K are isomorphic.
Proof. Let charK 6= 2 and n = 2m for some integer m ≥ 2. Recall that
P ∗(Dn) is the bound quiver algebra of the quiver QDn
0
a0
!!❇
❇❇
❇❇
❇❇
❇❇
2
a¯0
aa❇❇❇❇❇❇❇❇❇
a¯1}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤
a2 // 3
a¯2
oo . . .oo // n− 2
an−2 // n− 1
a¯n−2
oo
1
a1
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
bound by the relations:
a0a¯0 = 0, a1a¯1 = 0, a¯0a0 + a¯1a1 + a2a¯2 + f(a¯0a0, a¯1a1) = 0,
a¯k−1ak−1 + aka¯k = 0, for k ∈ {3, . . . , n− 2}, a¯n−2an−2 = 0,
a0(a¯1a1 + a2a¯2) = 0, a1(a¯0a0 + a2a¯2) = 0, a¯2(a¯0a0 + a¯1a1 + a2a¯2) = 0,
(a¯1a1 + a2a¯2)a¯0 = 0, (a¯0a0 + a2a¯2)a¯1 = 0, (a¯0a0 + a¯1a1 + a2a¯2)a2 = 0,
with f(a¯0a0, a¯1a1) = (a¯0a0a¯1a1)
m−1. We will show that the algebras P (Dn)
and P ∗(Dn) are isomorphic.
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Observe that, in the both algebras P (Dn) and P
∗(Dn), we have the equal-
ities
0 = (−1)n−1(−1)
(n−3)(n−2)
2
−1a2 . . . an−2(a¯n−2an−2)a¯n−2 . . . a¯2
= (−1)n−1(a2a¯2)
n−1 = (a¯0a0 + a¯1a1)
n−1
= a¯0a0(a¯0a0 + a¯1a1)
n−2 + a¯1a1(a¯0a0 + a¯1a1)
n−2
= a¯0a0a¯1a1(a¯0a0 + a¯1a1)
n−3 + a¯1a1a¯0a0(a¯0a0 + a¯1a1)
n−3
= · · · = (a¯0a0a¯1a1)
n
2
−1 + (a¯1a1a¯0a0)
n
2
−1
= (a¯0a0a¯1a1)
m−1 + (a¯1a1a¯0a0)
m−1.
Hence, there exist the algebra homomorphism ϕ : P (Dn) → P ∗(Dn) given
on the arrows by
ϕ(a0) = a0 +
1
2
a0(a¯1a1a¯0a0)
n−4
2 a¯1a1, ϕ(a¯0) = a¯0 −
1
2
(a¯1a1a¯0a0)
n−4
2 a¯1a1a¯0,
ϕ(ak) = ak, ϕ(a¯l) = a¯l for l = 1, . . . , n− 2.
We claim that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0) = a0a¯0 +
(
1
2
− 1
2
)
a0(a¯1a1a¯0a0)
n−4
2 a¯1a1a¯0
= 0,
ϕ(a1a¯1) = ϕ(a1)ϕ(a¯1) = a1a¯1 = 0,
ϕ(a¯0a0 + a¯1a1 + a2a¯2) = ϕ(a¯0)ϕ(a0) + ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
= a¯0a0 + a¯1a1 + a2a¯2
+ 1
2
a¯0a0(a¯1a1a¯0a0)
n−4
2 a¯1a1 −
1
2
(a¯1a1a¯0a0)
n−4
2 a¯1a1a¯0a0
= a¯0a0 + a¯1a1 + a2a¯2 + (a¯0a0a¯1a1)
n−2
2 ,
ϕ(a¯lal + al+1a¯l+1) = ϕ(a¯l)ϕ(al) + ϕ(al+1)ϕ(a¯l+1)
= a¯lal + al+1a¯l+1 = 0, for l = 2, . . . , n− 3,
ϕ(a¯n−2an−2) = ϕ(a¯n−2)ϕ(an−2) = a¯n−2an−2 = 0,
so ϕ is well defined. Moreover, there exists the algebra homomorphism ψ :
P ∗(Dn)→ P (Dn) given on the arrows by
ψ(a0) = a0 −
1
2
a0(a¯1a1a¯0a0)
n−4
2 a¯1a1, ψ(a¯0) = a¯0 +
1
2
(a¯1a1a¯0a0)
n−4
2 a¯1a1a¯0,
ψ(ak) = ak, ψ(a¯l) = a¯l for l = 1, . . . , n− 2,
which is the inverse of ϕ, and hence ϕ is an isomorphism. This ends the
proof. 
Lemma 5.3. Let K be of characteristic different 2. Then the algebras P (E7)
and P ∗(E7) over K are isomorphic.
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Proof. To simplify the notation we abbreviate, as in the proof of Lemma 4.4,
x = a¯0a0, y = a¯2a2 and z = a3a¯3. We recall (see the proof of Lemma 4.4),
that then in the both algebras P (E7) and P
∗(E7) we have the equalities
x2 = 0 = y3
and
0 = (x+ y)4 = xy2x+ yxyx+ xyxy + yxy2 + y2xy.
Then we derive the equalities
yxy2xy2x = −yxy2(yxyx+ xyxy + yxy2 + y2xy) = −yxy2xyxy
= yx(xy2x+ yxyx+ xyxy + yxy2)xy = yxyxy2xy
= −(xy2x+ xyxy + yxy2 + y2xy)y2xy = −xy2xy2xy.
Therefore, restoring the original notation, we obtain the equality
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0 = −
(
a¯0a0(a¯2a2)
2
)2
a¯0a0a¯2a2.(*)
Assume now that charK 6= 2. Let ϕ : P (E7) → P ∗(E7) be the algebra
homomorphism given by
ϕ(a2) = a2 +
1
2
a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0,
ϕ(a¯2) = a¯2 −
1
2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0a¯2,
ϕ(al) = al, ϕ(a¯l) = a¯l, for l ∈ {0, 1, 3, 4, 5}.
We prove that ϕ is well defined. Indeed, we have the equalities
ϕ(ala¯l) = ϕ(al)ϕ(a¯l) = ala¯l = 0, for l ∈ {0, 1}
ϕ(a¯1a1 + a2a¯2) = ϕ(a¯1)ϕ(a1) + ϕ(a2)ϕ(a¯2)
= a¯1a1 + a2a¯2 +
(
1
2
− 1
2
)
a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0a¯2
= a¯1a1 + a2a¯2 = 0,
ϕ(a¯3a3 + a4a¯4) = ϕ(a¯3)ϕ(a3) + ϕ(a4)ϕ(a¯4) = a¯3a3 + a4a¯4 = 0,
ϕ(a¯4a4 + a5a¯5) = ϕ(a¯4)ϕ(a4) + ϕ(a5)ϕ(a¯5) = a¯4a4 + a5a¯5 = 0,
ϕ(a¯5a5) = ϕ(a¯5)ϕ(a5) = a¯5a5 = 0.
Then, applying (*), we obtain the equalities
ϕ(a¯0a0 + a¯2a2 + a3a¯3) = ϕ(a¯0)ϕ(a0) + ϕ(a¯2)ϕ(a2) + ϕ(a3)ϕ(a¯3)
= a¯0a0 + a¯2a2 + a3a¯3 +
1
2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0
− 1
2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0a¯2a2
(∗)
= a¯0a0 + a¯2a2 + a3a¯3 + a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0
= 0,
so ϕ is well defined.
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It can be easily seen that the algebra homomorphism ψ : P ∗(E7) →
P (E7) given by
ψ(a2) = a2 −
1
2
a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0,
ψ(a¯2) = a¯2 +
1
2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0a¯2,
ψ(al) = al, ψ(a¯l) = a¯l, for l ∈ {0, 1, 3, 4, 5},
is the inverse of ϕ, and hence ϕ is an isomorphism. This ends the proof. 
Lemma 5.4. Let K be of characteristic different 2. Then the algebras P (E8)
and P ∗(E8) over K are isomorphic.
Proof. Again, as in the proof of Lemma 4.5, to simplify the notation, we
abbreviate x = a¯0a0, y = a¯2a2 and z = a3a¯3. Then, in the both algebras
P (E7) and P
∗(E7), we have the equalities (see the proof of Lemma 4.5)
x2 = 0 = y3,
and
0 = −(x+y)5 = (xy)2x+(xy)2y+xy2xy+(yx)2y+yxy2x+y2xyx+y2xy2.
From the above equalities, one may derive the equality
(
y2x
)2
y
(
xy2
)2
x = x
(
y2x
)2
y
(
xy2
)2
.
We note that the corresponding calculations are similar to the calculations
from the proofs of Lemmas 4.4, 4.5, and 5.3, but are considerably longer,
so we omit the details.
Hence, after restoring the original notation, we obtain
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0(*)
= a¯0a0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
.
Assume now that charK 6= 2. Let ϕ : P (E8) → P ∗(E8) be the algebra
homomorphism given by
ϕ(a0) = a0 −
1
2
a0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
,
ϕ(a¯0) = a¯0 +
1
2
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0,
ϕ(al) = al, ϕ(a¯l) = a¯l, for l ∈ {1, . . . , 6}.
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We claim that ϕ is well defined. Indeed, we have the equalities
ϕ(a0a¯0) = ϕ(a0)ϕ(a¯0)
= a0a¯0 +
(
1
2
− 1
2
)
a0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0
= 0,
ϕ(a1a¯1) = ϕ(a1)ϕ(a¯1) = a1a¯1 = 0,
ϕ(a¯k−1ak−1 + aka¯k) = ϕ(a¯k−1)ϕ(ak−1) + ϕ(ak)ϕ(a¯k)
= a¯k−1ak−1 + aka¯k = 0, for k ∈ {2, 4, 5, 6},
ϕ(a¯6a6) = ϕ(a¯6)ϕ(a6) = a¯6a6 = 0,
and applying (*), we obtain
ϕ(a¯0a0 + a¯2a2 + a3a¯3) = ϕ(a¯0)ϕ(a0) + ϕ(a¯2)ϕ(a2) + ϕ(a3)ϕ(a¯3)
= a¯0a0 + a¯2a2 + a3a¯3
+ 1
2
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0
− t12a¯0a0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
(∗)
= a¯0a0 + a¯2a2 + a3a¯3
+
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0a0
= 0,
so ϕ is well defined. Similarly, one may prove that there exists an algebra
homomorphism ψ : P ∗(E8)→ P (E8) given by
ψ(a0) = a0 +
1
2
a0
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
,
ψ(a¯0) = a¯0 −
1
2
(
(a¯2a2)
2a¯0a0
)2
a¯2a2
(
a¯0a0(a¯2a2)
2
)2
a¯0,
ψ(al) = al, ψ(a¯l) = a¯l, for l ∈ {1, . . . , 6},
which is the inverse of ϕ, and hence ϕ is an isomorphism. Therefore, the
algebras P (E8) and P
∗(E8) are isomorphic. This ends the proof. 
6. Symmetricity of socle deformed preprojective algebras
The symmetricity of the preprojective algebras of Dynkin types was stud-
ied by S. Brenner, M.C.R. Butler and S. King in [7]. In particular, we have
the following consequence of [7, Theorem 4.8].
Theorem 6.1. The preprojective algebra P (∆) of a Dynkin type ∆ over K
different from A1 is symmetric if and only if charK = 2 and ∆ is one of
the types D2n, m ≥ 2, E7, or E8.
As a consequence of Theorem 6.1 we obtain the following lemma.
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Lemma 6.2. Let K be a field of characteristic 2, and ∆ be one of the Dynkin
types D2m, m ≥ 2, E7, E8. Then the algebra P
∗(∆) is weakly symmetric.
Proof. Let K be a field of characteristic 2, and ∆ be one of the types D2m,
m ≥ 2, E7, E8. Then, it follows from Theorem 6.1 that the algebra P (∆) is
symmetric, and hence also weakly symmetric. But then the algebra P ∗(∆)
is also weakly symmetric. 
Our next aim is to prove that in characteristic 2 the algebras P ∗(D2m),
m ≥ 2, P ∗(E7), P
∗(E8) are not symmetric.
Lemma 6.3. Let n ≥ 4 be an even integer and K be of characteristic 2.
Then P ∗(Dn) is not symmetric.
Proof. Recall that P ∗(Dn) is the bound quiver algebra of the quiver QDn
0
a0
!!❇
❇❇
❇❇
❇❇
❇❇
2
a¯0
aa❇❇❇❇❇❇❇❇❇
a¯1}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤
a2 // 3
a¯2
oo . . .oo // n− 2
an−2 // n− 1
a¯n−2
oo
1
a1
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
bound by the relations:
a0a¯0 = 0, a1a¯1 = 0, a¯0a0 + a¯1a1 + a2a¯2 + f(a¯0a0, a¯1a1) = 0,
a¯k−1ak−1 + aka¯k = 0, for k ∈ {3, . . . , n− 2}, a¯n−2an−2 = 0,
a0(a¯1a1 + a2a¯2) = 0, a1(a¯0a0 + a2a¯2) = 0, a¯2(a¯0a0 + a¯1a1 + a2a¯2) = 0,
(a¯1a1 + a2a¯2)a¯0 = 0, (a¯0a0 + a2a¯2)a¯1 = 0, (a¯0a0 + a¯1a1 + a2a¯2)a2 = 0,
with f(a¯0a0, a¯1a1) = (a¯0a0a¯1a1)
n
2
−1.
Assume for a contradiction, that P ∗(Dn) is symmetric. Then there exists
a symmetrizing form ψ : P ∗(Dn) → K (with Kerψ without non-zero one-
side ideals, and ψ(ab) = ψ(ba) for all a, b ∈ P ∗(Dn)). Then ψ
(
f(a¯0a0, a¯1a1)
)
6=
0, because f(a¯0a0, a¯1a1) is an element from soc(P
∗(Dn)). On the other hand,
we have
ψ(a¯0a0) = ψ(a0a¯0) = ψ(0) = 0,
ψ(a¯1a1) = ψ(a1a¯1) = ψ(0) = 0.
Similarly we obtain
ψ(a2a¯2) = ψ(a¯n−1an−1) = ψ(0) = 0,
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because ψ(aia¯i) = ψ(a¯iai), for i ∈ {2, . . . , n − 1}, and a¯iai = ai+1a¯i+1, for
i ∈ {2, . . . , n− 2}. Hence
ψ
(
f(a¯0a0, a¯1a1)
)
= ψ(a¯0a0) + ψ(a¯1a1) + ψ(a2a¯2) + ψ
(
f(a¯0a0, a¯1a1)
)
= ψ
(
a¯0a0 + a¯1a1 + a2a¯2 + f(a¯0a0, a¯1a1)
)
= ψ(0) = 0,
a contradiction. 
Lemma 6.4. Let n ∈ {7, 8} and K be of characteristic 2. Then P ∗(En) is
not symmetric.
Proof. Let n ∈ {7, 8}. Recall that P ∗(En) = P f(En) is the bound quiver
algebra of the quiver QEn
0
a0

1
a1 // 2
a¯1
oo
a2 // 3
a¯2
oo
a3 //
a¯0
OO
4
a¯3
oo
a4 // . . .
a¯4
oo
an−2// n− 1
a¯n−2
oo
bound by the relations
a0a¯0 = 0, a1a¯1 = 0, a¯0a0 + a¯2a2 + a3a¯3 + f(a¯0a0, a¯2a2) = 0,
a¯k−1ak−1 + aka¯k = 0, for k ∈ {2, 4, . . . , n− 2}, a¯n−2an−2 = 0,
a0(a¯2a2 + a3a¯3) = 0, (a¯2a2 + a3a¯3)a¯0 = 0,
a2(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a¯2 = 0,
a¯3(a¯0a0 + a¯2a2 + a3a¯3) = 0, (a¯0a0 + a¯2a2 + a3a¯3)a3 = 0,
with f(a¯0a0, a¯1a1) = (a¯0a0a¯1a1)
3n−17.
Assume that P ∗(En) is symmetric. Then there exists a symmetrizing
form ψ : P ∗(En) → K. Hence ψ
(
f(a¯0a0, a¯2a2)
)
6= 0, because f(a¯0a0, a¯1a1)
is an element from soc(P ∗(En)). On the other hand
ψ(a¯0a0) = ψ(a0a¯0) = ψ(0) = 0,
ψ(a¯2a2) = ψ(a2a¯2) = ψ(a¯1a1) = ψ(a1a¯1) = ψ(0) = 0.
Similarly, we have
ψ(a3a¯3) = ψ(a¯n−2an−2) = ψ(0) = 0,
because a¯iai = ai+1a¯i+1, for i ∈ {3, . . . , n − 3}, and ψ(aia¯i) = ψ(a¯iai), for
i ∈ {3, . . . , n− 2}. Hence
ψ
(
f(a¯0a0, a¯2a2)
)
= ψ(a¯0a0) + ψ(a¯2a2) + ψ(a3a¯3) + ψ
(
f(a¯0a0, a¯2a2)
)
= ψ
(
a¯0a0 + a¯2a2 + a3a¯3 + f(a¯0a0, a¯2a2)
)
= ψ(0) = 0,
a contradiction. Therefore the algebra P ∗(En) is not symmetric. 
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As a consequence of Lemmas 6.2, 6.3 and 6.4 we obtain the following
theorem.
Theorem 6.5. Let K be of characteristic 2. Then the algebras P ∗(D2m),
m ≥ 2, P ∗(E7), P ∗(E8) are weakly symmetric but not symmetric.
As an immediate consequence of Propositions 2.1, 5.1 and Theorems 2.2,
6.1, 6.5 we obtain also the following result.
Theorem 6.6. Let ∆ ∈ {D2m,E7,E8,Ln}, m,n ≥ 2, and let P (∆) and
P ∗(∆) be the associated algebras over an algebraically closed field K. Then
the following statements are equivalent:
(i) P ∗(∆) and P (∆) are isomorphic.
(ii) K is not of characteristic 2.
Proof. (i) ⇒ (ii) Assume that K is of characteristic 2. If ∆ is of type
Ln, n ≥ 2, then the implication follows from Proposition 2.1. So assume
that ∆ is of Dynkin type. Then it follows from Theorem 6.1 that P (∆)
is symmetric, and from Theorem 6.5 that P ∗(∆) is not symmetric. Hence
P ∗(∆) and P (∆) are not isomorphic.
The implication (ii) ⇒ (i) is a consequence of Proposition 5.1. 
As a consequence of Propositions 3.1, 4.1, 5.1, and the above theorem
we obtain also the following characterization of socle deformed preprojective
algebras of generalized Dynkin type.
Corollary 6.7. Socle deformed preprojective algebras of generalized Dynkin
type exist only in characteristic 2. Moreover, in characteristic 2, the algebras
P ∗(D2m), m ≥ 2, P ∗(E7), P ∗(E8), P ∗(Ln), n ≥ 2 form a complete family of
pairwise non-isomorphic socle deformed preprojective algebras of generalized
Dynkin type.
7. Proofs of the main results
Proof of Theorem 1. Assume that Λ is a self-injective algebra over an al-
gebraically closed field K which is socle equivalent but not isomorphic to
a preprojective algebra P (∆) of generalized Dynkin ∆. Then, by Proposi-
tion 5.1, K is of characteristic 2. Moreover, it follows Proposition 3.1, that
∆ has to be of one of the types D2m(m ≥ 2), E7, E8, Ln(n ≥ 2). Hence,
applying Proposition 4.1, we conclude that Λ is isomorphic to one of the
algebras P ∗(D2m), m ≥ 2, P ∗(E7), P ∗(E8), P ∗(Ln), n ≥ 2.
Assume now that K is of characteristic 2 and Λ is isomorphic to the
algebra P ∗(∆) with ∆ ∈ {D2m,E7,E8,Ln}, m,n ≥ 2. Then, by definition
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of P ∗(∆), Λ is socle equivalent to the preprojective algebra P (∆), and by
Theorem 6.6, Λ is not isomorphic to P (∆). 
Proof of Theorem 2. Let Λ be a socle deformed preprojective algebra of
generalized Dynkin type over an algebraically closed field K. Then, by The-
orem 1, K is of characteristic 2 and Λ is isomorphic to one of the algebras
P ∗(D2m), m ≥ 2, P
∗(E7), P
∗(E8), P
∗(Ln), n ≥ 2.
(i) If Λ is isomorphic to the algebra P ∗(Ln) for some n ≥ 2, then it follows
from Proposition 2.3 that Λ is symmetric, and hence weakly symmetric. In
the other case (if Λ is isomorphic to one of the algebras P ∗(D2m), m ≥ 2,
P ∗(E7), P
∗(E8)), Λ is weakly symmetric by Lemma 6.2.
(ii) If Λ is isomorphic to the algebra P ∗(Ln) for some n ≥ 2, then Λ is
symmetric by Proposition 2.3. On the other hand, if Λ is not isomorphic to
the algebra of the form P ∗(Ln) for some n ≥ 2, then Λ is isomorphic to one
of the algebras P ∗(D2m), m ≥ 2, P ∗(E7), P ∗(E8), and hence the thesis is a
consequence of Lemmas 6.3 and 6.4. 
Proof of Theorem 3. Let ∆ be a generalized Dynkin type different from A1
and L1, and K be an algebraically closed field.
The equivalence of statements (i) and (iii) follows from Theorem 1.
We claim that the statements (ii) and (iii) are also equivalent. Indeed, if
∆ is a Dynkin type (so different from Ln), then the equivalence of (ii) and
(iii) is a direct consequence of Theorem 6.1. On the other hand, if ∆ = Ln
for some n ≥ 2, then each of the statements (ii) and (iii) is satisfied if and
only if K is of characteristic 2. 
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